Counterexamples to Symmetry for Partially Overdetermined Elliptic
  Problems by Fragalà, Ilaria et al.
ar
X
iv
:0
90
2.
29
47
v1
  [
ma
th.
OC
]  
17
 Fe
b 2
00
9
Counterexamples to Symmetry
for Partially Overdetermined Ellipti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July 2008
Summary: We exhibit several ounterexamples showing that the famous Serrin's symmetry result for
semilinear ellipti overdetermined problems may not hold for partially overdetermined problems, that is
when both Dirihlet and Neumann boundary onditions are presribed only on part of the boundary. Our
ounterexamples enlighten subsequent positive symmetry results obtained by the rst two authors for suh
partially overdetermined systems and justify their assumptions as well.
1 Introdution
Let Ω be an open bounded onneted subset of Rn with smooth enough boundary, and let Γ be
a nonempty onneted (relatively) open subset of ∂Ω. Let also ν denote the unit outer normal to
∂Ω, c be a positive onstant and f : R → R be a smooth funtion. By overdetermined problem,
we mean any boundary value problem of the following kind:

−∆u = f(u) in Ω
u = 0 and uν = −c on Γ
u = 0 on ∂Ω \ Γ ,
(1)
or 

−∆u = f(u) in Ω
u = 0 and uν = −c on Γ
|∇u| = c on ∂Ω \ Γ ,
(2)
where uν denotes the normal derivative of u on ∂Ω. Here and in the sequel, by a solution u to
problem (1) (resp. (2)), we always mean that u ∈ C0(Ω)∩C1(Ω∪Γ)∩C2(Ω) (resp. C1(Ω)∩C2(Ω)).
The hoie of the word overdetermined is justied by the presene of both the Dirihlet
and Neumann onditions on a same nonempty part Γ of the boundary in problems (1)-(2): this
makes them in general not well-posed. Thus the existene of a solution to (1) or (2) is not always
guaranteed, and, if existene happens to hold, it is atually supposed to imply some severe geometri
onstraint on Ω.
This kind of problem was studied by Serrin [14℄. His elebrated result states that, in the ase
of totally overdetermined problems, that is when Γ ≡ ∂Ω, then existene of a solution implies that
Ω is a ball (and u is radially symmetri).
More reently, the ase of partially overdetermined problems, that is when Γ  ∂Ω, has been
studied by the rst two authors in [8℄, where they investigate the following natural question:
If Γ  ∂Ω, an we still onlude that Ω is a ball
whenever (1) or (2) admits a solution?
The answer is trivially no without any extra natural geometri restrition on Ω. Assume, for
instane, that Ω is an annulus, that is Ω = {x ∈ Rn; 0 < a < |x| < b}. Then, the solution of
−∆u = 1 on Ω, with u = 0 on its boundary, is radially symmetri. Therefore, uν is equal to a
onstant on eah piee of the boundary, but with dierent onstants for eah of them.
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On the other hand, if ∂Ω is assumed to be onneted, the problem beomes muh more sig-
niant and deliate. In fat there are many dierent situations where the answer to the above
question is yes, so that Serrin's symmetry result ontinues to hold. This ours under suitable
additional assumptions, involving both regularity and geometri features, on the soure term f
and the overdetermined region Γ: for the detailed statements, as well as for a more extensive
bibliography about overdetermined problems, we refer to [8℄.
The goal of this note is to show that there are nontrivial ases (meaning in partiular that
∂Ω is onneted) when the requirements of [8℄ are not satised and problems like (1)-(2) admit a
solution in domains Ω dierent from a ball.
The ounterexamples we onstrut for problems of type (1) or (2) are of dierent kind. Problems
of type (1) are treated in Setion 2 by an approah based on shape optimization and domain
derivative. More preisely, we onsider the problem of minimizing the Dirihlet energy of domains
with presribed volume and onned in a planar box, that is
|Ω∗| = α, Ω∗ ⊂ D, J(Ω∗) = min
|Ω|=α,Ω⊂D
J(Ω), (3)
where D = (−1, 1)2 and
J(Ω) := inf
v∈H1
0
(Ω)
{∫
Ω
(
1
2
|∇v|2 − v
)
dx
}
. (4)
Choosing α in a suitable range and applying the regularity results in [1, 2℄, we obtain that (3)
admits an optimal open shape Ω∗ with a nonempty smooth free boundary ∂Ω∗ ∩ D. Then,
writing down the optimality onditions by using shape derivatives, we are lead to a problem of
type (1) on Ω∗, with f ≡ 1 and Γ = ∂Ω∗ ∩D.
Problems of type (2) are treated in Setion 3 by a dierent approah, whih works in any
dimension n ≥ 2. In this ase, the ounterexamples are derived through some expliit omputations.
They are based on the idea of studying the zero level surfaes of radial funtions u built so as to
satisfy both an ellipti equation of the type −∆u = f(u) on the whole Rn and the eikonal equation
|∇u| = c on the omplement of a ball. Suh onstrution an be adapted to treat also the ase of
a partially overdetermined problem similar to (2), but stated on an exterior domain (see Setion
3.2).
2 Counterexamples using shape optimization
In this setion we use shape optimization in order to prove the following.
Theorem 2.1 There exists an open starshaped planar domain Ω ⊂ (−1, 1)2, dierent from a disk,
suh that, for a nonempty onneted analyti subset Γ of ∂Ω, the problem

−∆u = 1 in Ω
u = 0 on ∂Ω
uν = −c on Γ,
(5)
admits a solution.
Remark 2.2 Note that a nonempty analyti subset Γ of ∂Ω is relatively open in ∂Ω.
The interest of this negative result should be onsidered in the light of the following extension
of Serrin's result proved in [8℄:
Proposition 2.3 Let Ω be open and bounded with ∂Ω onneted. Let Γ ⊂ ∂Ω nonempty and
(relatively) open. Assume there exists an open set Ω˜ with a onneted analyti boundary ontaining
Γ. If there exists a solution u of (1) with f analyti, then Ω = Ω˜, Ω is a ball, and u is radially
symmetri.
2
In partiular, Proposition 2.3 implies that the analyti piee Γ of the boundary of Ω found in
Theorem 2.1 annot be ontinued into a globally analyti losed urve (namely the boundary of
another open set Ω˜). In the ounterexample provided here, ∂Ω is pieewise analyti and globally
at most C1, 12 as analyzed in [13℄.
Proof of Theorem 2.1: Let D = (−1, 1)2 and α ∈ (pi, 4). We will onstrut Ω as an optimal set
for the shape minimization problem (3).
From [4, Theorem 2.4.6℄ (see also [10℄), we know there exists a quasi-open optimal set Ω∗ whih
solves problem (3). In view of [2, Corollary 1.2℄, Ω∗ is in fat an open set. It is known that, for
any open bounded set Ω (and in partiular for Ω∗), the funtional J dened in (4) satises
J(Ω) =
∫
Ω
(
1
2
|∇uΩ|2 − uΩ
)
dx
where uΩ denotes the unique solution of the homogeneous Dirihlet problem{ −∆u = 1 in Ω
u = 0 on ∂Ω .
(6)
Sine α < 4, Ω∗ annot be equal to D so that the free boundary Γ := ∂Ω∗ ∩ D is nonempty.
Moreover, by [1, Setion 5℄, we infer that Γ is analyti beause f ≡ 1 is positive and analyti. On
this free boundary Γ, using the notion of shape derivative (see for instane [10℄), we lassially
obtain the Euler-Lagrange equation of problem (3), namely, (6) with Ω = Ω∗, u = uΩ∗ together
with
|∇uΩ∗ | = Λ > 0 on ∂Ω∗ ∩D. (7)
Sine f(u) = 1 > 0, the positivity of the Lagrange multiplier Λ follows from [1, Proposition 6.1℄.
By ellipti regularity, we know that there exists a unique solution uΩ∗ ∈ C∞(Ω ∪ Γ) to (7).
We now prove the geometri properties of solutions of (3). First, sine α > pi, Ω∗ is not a
disk. Seond, we show that Ω∗ is starshaped, or at least that it may be replaed by an optimal
starshaped set. To this end, we introdue Ω˜ := SXSY (Ω
∗), where SX and SY denote the Steiner
symmetrization about the axes OX and OY respetively, see e.g. [10℄, [12℄. Beause of the sym-
metry of the square D with respet to these axes, we have Ω˜ ⊂ D. Moreover, |Ω˜| = |Ω∗| = α and,
by well-known properties of Steiner symmetrization, J(Ω˜) ≤ J(Ω∗). Therefore, Ω˜ is also a solution
of the shape optimization problem (3) so that, as for any optimal set, Γ˜ = ∂Ω˜ ∩D is smooth and
ueΩ satises (5). To verify that it is starshaped, we may denote
∀x ∈ [−1, 1], A(x) := {y ∈ [−1, 1]; (x, y) ∈ SY (Ω∗)}.
As a onsequene of the denition of the Steiner symmetrization, we have [0 ≤ x ≤ xˆ] ⇒ [A(xˆ) ⊂
A(x)]. We may also write
SXSY (Ω
∗) =
{
(x, y); |y| ≤ 1
2
measA(x)
}
.
Sine x ∈ [0, 1]→ measA(x) is noninreasing, we have[
|y| ≤ 1
2
measA(x), λ ∈ (0, 1)
]
⇒
[
|λy| ≤ 1
2
measA(x) ≤ 1
2
measA(λx)
]
.
This proves that Ω˜ is starshaped.
Therefore, Ω = Ω˜, u = ueΩ, c = Λ,Γ = any onneted omponent of ∂Ω∩D satisfy the statement
of Theorem 2.1. 
We onlude this setion by mentioning some possible extensions of Theorem 2.1.
Remark 2.4 The onstrution done in the proof of Theorem 2.1 is valid in any dimension and
one nds as well an optimal open set Ω∗ ⊂ (−1, 1)n (see [1℄ for a proof), whih is dierent from a
3
ball if α > ωn (the measure of the unit ball). But, the full regularity of the boundary is not proved
-and probably does not hold- in any dimension. Aording to some reent papers ([5, 7, 15, 16℄),
it is very likely that full regularity of the boundary may be extended to dimensions greater than 2
(up to 6? but not more?).
However, as proved in [1℄, the redued boundary of this Ω∗ is an analyti hypersurfae and this
regular part of the boundary is of positive (n− 1)-Hausdor measure if α < 2n, whereas Ω∗ is not
a ball if α > ωn. Therefore, this also provides a (generalized) ounterexample in any dimension by
hoosing Γ to be this redued boundary.
Remark 2.5 In view of [3℄ (see also [9, Setion 3.4℄), it is possible to extend the statement of
Theorem 2.1 to the ase when J is replaed by the shape funtional Ω→ λ1(Ω), the rst eigenvalue
of the Laplae operator on Ω with homogeneous Dirihlet boundary onditions. This provides one
more example of an optimal domain Ω∗ where uΩ∗ , the rst normalized eigenfuntion, solves (1)
with f(u) = λu (here, λ = λ1(Ω
∗)). The proof is similar and we do not reprodue it here. It is
possible that one ould go further and extend the same onstrution to more general soures f(u),
for instane of power-type suh as f(u) = up.
Remark 2.6 The minimal shape Ω∗ for the seond Dirihlet eigenvalue λ2(Ω) of the Laplae
operator, among all planar onvex domains of given area, is also a natural andidate for another
nie ounterexample. It is proved that Ω∗ is not a stadium (the onvex envelope of two idential
tangent balls), see [11℄. However, it is expeted that it looks like a stadium (see [11℄). If it is the
ase, as explained in [8℄, then the rst order optimality ondition would lead to an overdetermined
problem in whih the expeted overdetermined part Γ would be the stritly onvex part of ∂Ω∗.
The exat regularity and shape of Ω∗ is still to be ompletely understood: see [11, Theorems 4,6,8℄
and [13℄.
Remark 2.7 In the proof of Theorem 2.1, we started with some optimal shape Ω∗ and adapted
it so that it satises the required onditions. We may wonder whether all optimal shapes have the
same symmetry properties. This question is related to the nontrivial question of equality ase in
the Steiner symmetrization, namely: is it true that J(Ω) = J(SX(Ω)) implies that Ω = SX(Ω) up
to a translation? We refer to [6℄ for this question.
3 Counterexamples via expliit onstrution
In this setion we provide an expliit example of a problem of type (2) whih admits a solution
on a domain dierent from a ball. We also exhibit a similar example for an analogous exterior
problem.
3.1 A ounterexample in an interior domain
Theorem 3.1 There exist a Lipshitz ontinuous and stritly inreasing funtion
f : R→ (0,+∞) and u ∈ C2(Ω) solution of

−∆u = f(u) in Ω
|∇u| = 8 on ∂Ω
u = 0 on Γ,
(8)
where Ω ⊂ Rn is open, bounded, simply onneted, dierent from a ball, with ∂Ω globally C∞, and
Γ ⊂ ∂Ω is nonempty, onneted, relatively open and inluded in a sphere of Rn.
Proof: Fix an integer n ≥ 2 and onsider the funtion f : R→ (0,+∞) dened by
f(s) =


64(n− 1)
8− s if s ≤ 0
4
[
(n+ 2)
√
s+ 4− 6
]
if s ≥ 0 .
4
Figure 1 : domain Ω in Theorem 3.1.
Then, f is globally Lipshitz ontinuous and stritly inreasing over R.
Consider also the (radial) funtion u dened on Rn by
u(x) =
{
(3− |x|2)2 − 4 if |x| ≤ 1
8(1− |x|) if |x| ≥ 1 .
Then, u ∈ C2(Rn); to see this, it sues to write u = u(r) as a funtion of the real variable r = |x|
and to note that
u′(r) =
{ −4r(3− r2) if r ≤ 1
−8 if r ≥ 1 , u
′′(r) =
{ −12 + 12r2 if r ≤ 1
0 if r ≥ 1 ,
are ontinuous funtions in [0,∞). Moreover, some omputations show that u satises
−∆u = f(u) in Rn , u = 0 on ∂B , |∇u| = 8 in Rn \B ,
where B denotes the unit ball.
Let Ω1 = {x ∈ B; x1 < 12} and D = {x ∈ B; x1 = 12}. Consider a bounded domain Ω2 ⊂ {x ∈
Rn; x1 >
1
2} suh that D ⊂ ∂Ω2 and (∂Ω2 \D) ⊂ (Rn \ B). Let Ω = Ω1 ∪D ∪ Ω2 (see Figure 1);
for a suitable hoie of Ω2 one has ∂Ω ∈ C∞. Let Γ = ∂Ω1 ∩ ∂Ω, then u satises (8) but Ω is not
a ball. 
Theorem 3.1 should be ompared with the following result obtained in [8℄, and similar to
Proposition 2.3:
Proposition 3.2 Let Ω be open and bounded with ∂Ω onneted. Let Γ ⊂ ∂Ω nonempty and
(relatively) open. Assume there exists an open set Ω˜ with a onneted analyti boundary ontaining
Γ. If there exists a solution u of (8) with f analyti and noninreasing, then Ω = Ω˜, Ω is a ball,
and u is radially symmetri.
Note in partiular that: the overdetermined part Γ in Theorem 3.1 satisfy the hypothesis in Propo-
sition 3.2 (analytially ontinuable aording to the denition in [8, Setion 3.1℄), but f is neither
analyti, nor noninreasing.
Similarly, Theorem 3.1 should also be ompared with the statements (b) in Theorems 3 and 7 in
[8℄ whih gives more various suient onditions to obtain symmetry in overdetermined problems
of type (8). Again, Theorem 3.1 provides an example where all these hypothesis are satised,
exept the fat that f be noninreasing.
3.2 A ounterexample in an exterior domain
Theorem 3.3 There exist a Lipshitz ontinuous funtion f : R→ R, and u ∈ C2(Rn\Ω) solution
of 

−∆u = f(u) in Rn \ Ω
|∇u| = 12 on ∂Ω
u = 1 on Γ
u→ 0, |∇u| → 0 as |x| → ∞,
(9)
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where Ω ⊂ Rn is open, bounded, simply onneted, dierent from a ball, with ∂Ω globally C∞, and
Γ ⊂ ∂Ω is nonempty, onneted, relatively open and inluded in a sphere.
Proof: Fix an integer n ≥ 2 and onsider the funtion f : R→ R dened by
f(s) =


n− 1
2(3− 2s) if 1 ≤ s <
3
2
3(n− 3)
16
(3−√9− 8s)3 − n− 4
16
(3−√9− 8s)4 if 0 < s ≤ 1 .
Then, f is globally Lipshitz ontinuous over (0, 32 ); moreover, if n ≥ 4 then f is positive and
stritly inreasing.
Consider also the (radial) funtion u dened on Rn \ {0} by
u(x) =


3− |x|
2
if |x| ≤ 1
3
2|x| −
1
2|x|2 if |x| ≥ 1 .
Then, u ∈ C2(Rn \ {0}); to see this, it sues to write u = u(r) as a funtion of the real variable
r = |x| and to note that
u′(r) =
{ − 12 if 0 < r ≤ 1
− 32r2 + 1r3 if r ≥ 1 ,
u′′(r) =
{
0 if 0 < r ≤ 1
3
r3
− 3
r4
if r ≥ 1 ,
are ontinuous funtions in (0,∞). Moreover, some omputations show that u satises
−∆u = f(u) in Rn \ {0} , u = 1 on ∂B , |∇u| = 1
2
in B \ {0} ,
where B denotes the unit ball. Take any smooth domain Ω ( B suh that 0 ∈ Ω and {x ∈ ∂B; x1 <
1
2} ⊂ ∂Ω (see gure 2). Let Γ = ∂Ω ∩ ∂B, then u satises (9) but Ω is not a ball. 
Remark 3.4 Again, Theorem 3.3 should be ompared with the results in [8℄, similarly to what
we did for Theorem 3.1.
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